Multiple

integration 1

Learning outcomes

When you have completed this Programme you will be able to:

Evaluate double and triple integrals and apply them to the
determination of the areas of plane figures and the volumes of
solids

Understand the role of the differential of a function of two or more
real variables

Determine exact differentials in two real variables and their
integrals

Evaluate the area enclosed by a closed curve by contour integration

e Evaluate line integrals and appreciate their properties

Evaluate line integrals around closed curves within a simply
connected region

e Link line integrals to integrals along the x-axis
e Link line integrals to integrals along a contour given in parametric

form

Discuss the dependence of a line integral between two points on
the path of integration

Determine exact differentials in three real variables and their
integrals

Demonstrate the validity and use of Green’s theorem
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Introduction

The introductory work on double and triple integrals was covered in
detail in Programme 23 of Engineering Mathematics (Fifth Edition) and
another look at the main points before launching forth on the current
development could well be worth while.
You will no doubt recognise the following.
1 Double integrals

J: J; f(x y)dxdy

is a double integral and is evaluated from the inside outwards, i.e.

A double integral is sometimes expressed in the form

j: ar [ rox p ax

X1

in which case, we evaluate from the right-hand end, i.e.

- —_—— e — — — — —

2 Triple integrals
Triple integrals follow the same procedure.

Z2 (V2 (X2
J J J f(x, y, z)dxdydz is evaluated in the order
Z1 Jy1 Ix

|
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| Zzl }'zl X2 @
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3 Applications
(a) Areas of plane figures

y n= f (X)
P(x, y)
-~ —_=
' y2=F(9
dy } 2
&
nE——fm———= ) !
— [ [
' -
| 1
O q b X
X ! &x |
1
Area of element §A = 6xby
Y=)2
Area of strip ~ Y . 6x6y
y=r
x=b (y=y2
Area of all such strips ~ » {Z 6x6y}
x=a \y=n

b ¢y2
If6x—+0and6y—»O,A=J J dy dx

aJyr

(b) Areas of plane figures bounded by a polar curve r = f(#) and radius
vectors at § = 6; and 0 = 6,

7
Y 0=0,
r=1£(8) %

Small arc of circle of radius r,
e=9, subtending angle §¢ at centre.

o X . Arc =ré6

Area of element 6A ~ ré6 ér
r=f(6)
Area of thin sector ~ Z r 80 6r
r=0
=0, ¢ =f(6)
. Total area of all such sectors = Z{ Z rér 60}
=0, \ =0
02 J’=f ©)

.’.If6r—+0and60—>O,A=j rdrdd

6, JO



Multiple integration 1 569

(c) Volume of solids

Volume of element §V = éx 6y 6z

z=f(x, y)
Volume of column ~ Y 6x6yéz

z=0

Y=Yz {Z=f &, 9

Volume of slice ~ 6x 6y 62}

Y=n z=0

.'. Total volume V =~ sum of all such slices

x=xp y=y2 2=f(, ¥)
ie. V= Z Z Z 6x 8y 6z

x=x1y=y1 z=0

Then, if 6x — 0, §y — 0, 6z — O,

X2 (V2 (2=f(%, ¥)
V= J J J dzdydx
X1 N 0
If z=f(x, y), this becomes
X2 Y2
v=["[ renayax

X1 JY1
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4 Revision examples As a means of ‘warming up’, let us work
through one or two straightforward examples on the previous
work.

Example 1

Find the area of the plane figure bounded by the curves y; = (x — 1)
and y; = 4 — (x — 3)%

The first thing, as always, is to sketch the curves — each of which is a
parabola — and to determine their points of intersection.

4 yi=(x-1y
Y2

{

(¢]

Points of intersection: (x —1)* = 4 — (x — 3)2
¥ -2x+1=4-x>+6x-9 iex*—4x+3=0
S (x-1)(x-3)=0 .. x=1 or x=3.

Now we have all the information to determine the required area,

which is
A = 2% square units
Because
x=3 [y x=3 y=4—(x—3)%
A= J J dydx = J j dydx
x=1 Jy; x=1 Jy=(x—1)?

= J3{4 —(x=32-(x-1)*}dx= —2J3(x2 —4x+3)dx
1 1

3 3
— 2% _ 2424 3x| =22 square units
3 ARt

Now for another.
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Example 2

A rectangular plate is bounded by the x and y axes and the lines
x=6andy=4. The thickness t of the plate at any point is
proportional to the square of the distance of the point from the
origin. Determine the total volume of the plate.

First of all draw the figure and build up the appropriate double
integral. Do not evaluate it yet. The expression is therefore

x=6 ry=4
sz J k(22 + %) dy dx
x=0 Jy=0

y
4
P Thickness t of plate at P is
y t =kOP® = k(x* + %)
Element of area = dy 6x
o —_‘| 6 X
X

.. Element of volume at P ~ k(x® + y?) 6y 6x

x=6 ry=4
.. Total volume V = J J k(x® + y?) dy dx
x=0 Jy=0

Now we can evaluate the integral. We start from the inside with

y=4
J k(x? + y?) dy, remembering that for this integral (volume of the
2

strip) x is constant. This gives ............

2, 64
k<4x—l—3

Because

4 377=4%
kJ (x2+y2)dy:k[x2y+y—] =k(4x2+§4->
0 31,0 3

6
Then V= kj (4x2+%4) dx=...coooo....
0
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V = 416 k cubic units

That was easy enough. Notice that an alternative interpretation of this
problem could be that of a uniform lamina with a variable density
p = k(x* + y?) at any point (x, y). Now for one in polar coordinates.

Example 3

Express as a double integral the area enclosed by one loop of the curve
r = 3 cos 20 and evaluate the integral (refer to Engineering Mathematics
(Fifth Edition), Programme 22, Frame 11).

Consider the half loop shown.

First set up the double integral whichis............

9=m/4 pr=3cos26
A= j J rdrdg
9=0 r=0

Area of element = r ér 66

r=3cos 20
.. Area of sector ~ Z r 6166
r=0
0=n/4r=3 cos 26
. Areaof half loop~ Y > rérse
6=0 r=0

If 6r — 0 and 660 — O,
0=r/4 rr=3cos260
A= j J rdrdf
0=0 Jr=0
Now finish it off to find the area of the whole loop, which is
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9r

3 square units

Because

=n/4 pr=3cos2f
A= r J rdrdd
6=0 r=0

/472 3cos 20
o
o L2 0

/4
= %r cos® 20dd
0

9 (/4
=—Jﬂ (1 + cos 46)dé
4 Jo
9, sm40]”*
T4 4 |,
_on
T 16

This is the area of a half loop.
Required area = 98—7T square units

Now here is another.

Example 4

Find the volume of the solid bounded by the planesz=0,x=1,x =3,

y =1, y =2 and the surface z = x? y2.

As always, we start off by sketching the figure. When you have done
that, check the result with the next frame.
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We now build up the integral which will give us the volume of the
solid.

Element of volume 6§V = §x §y 6z
z=x2y?

Volume of column ~ Y 8x6yéz
z=0

y=2 [ z=x%y?
Volume of slice~ Y ¢ Y &xéyéz
y=1 z=0

x=3 [ y=2 z=x2)?

Volume of solid ~ {Z > oxsy 62}

x=1 { y=1 z=0
When 6x — 0, y —» 0, 6z — 0,
x=3 (y=2 rz=x2y*
=T s
x=1 Jy=1 Jz=0

Evaluating this, V=

V =20% cubic units

Because, starting with the innermost integral

x=3 ry=21 %% 3 (2
V=J J [z] dydx:J j Xy dy dx
1J1

x=1 Jy=1 0
3y2 3772 3 742

=J [x_y] dx =J1x_dx=20%
1 3 y=1 1 3

Now that we have revised the basics, let us move on to something
rather different
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Differentials

It is convenient in various branches of the calculus to denote small
increases in value of a variable by the use of differentials. The method is
particularly useful in dealing with the effects of small finite changes
and shortens the writing of calculus expressions.

We are already familiar with the diagram from which finite changes
6y and éx in a function y = f(x) are depicted.

y y=f(x)
(X1,}’1)
Q
Xor
(t:’yo) T s
] o M
o Xo Xo+dx X

The increase in y from P to Q = MQ = &y = f(xo + 6x) — f(%o)

If PT is the tangent at P, then MQ = MT + TQ. Also % = f"(%0)
Co MT = f(x0)6x

S MQ =68y =Ff(x0) - 6x+TQ

and, if Q is close to P, then 8y =~ f"(x0)6x
We define the differentials dy and dx as finite quantities such that

dy = f"(x0) dx
y=f(x)
y
Q
T 8
P MW y
dx=8x

o Xo Xo+ Ox X

Note that the differentials dy and dx are finite quantities — not
necessarily zero — and can therefore exist alone.

Note too that dx = éx.
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From the diagram, we can see that

6y is the increase in y as we move from P to Q along the curve.
dy is the increase in y as we move from P to T along the tangent.

As Q approaches P, the difference between 8y and dy decreases to zero.
The use of differentials simplifies the writing of many relationships
and is based on the general statement dy = f"(x) dx.

For example

(@ y=x° then dy = 5x*dx
(b) y=sin3x then dy =3cos3xdx
(© y=e¥ then dy = 4e** dx

(d) y=cosh2x then dy =2 sinh2xdx

Note that when the left-hand side is a differential dy the right-hand
side must also contain a differential. Remember therefore to include
the ‘dx’ on the right-hand side.

The product and quotient rules can also be expressed in differentials.

d dv  du
Hx—(uv)_ua+ PP becomes d(uv) =udv+vdu
vd ud
d w  "dxy “dx uy _vdu-—udv
& () =5 becomes a() ==
So,if y=e*sin4x, dy=............
. cos 2t
and if y=—m dy=............

y=¢€*sin4x, dy= Zez"(2cos4x + sin 4x) dx

__cos 2t

—z dy———{tstt+cosZt}dt

That was easy enough. Let us now consider a function of two
independent variables, z = f(x, y).

If z=f(x, y) then z+ 6z = f(x + 6x,y + 6y)
L lz=f(x+8x, y+6y)—f(x, )
Expanding 6z in terms of 6x and 8y, gives
6z = Abx + Bdy + higher powers of 6x and 6y,
where A and B are functions of x and y.

If y remains constant, i.e. §y = 0, then

6z = A 6x + higher powers of 6x .. oz ~A

ox
L Iféx — 0, then A = oz
ox
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Similarly, if x remains constant, i.e. éx = 0, then

6z = Bdy + higher powers of 6y .. % ~B

oz
c Iféy—0,then B=_—
Y oy
0z oz . s
L 0z= o ox + £y &y + higher powers of small quantities
.., 0z 0z
In terms of differentials, this result can be written
oz oz
If z=f(x, y). then dz = b;dx +a—ydy

The result can be extended to functions of more than two
independent variables.
@ oz

Make a note of these results in differential form as shown.

0z
IfZ—f(x, Y W)r dZ——a;dX-i-

Exercise

Determine the differential dz for each of the following functions.

1 z=x*+y2

2 z=x3sin 2y

3 z=02x—-1)e¥

4 z=x>+2y%+3w?
5 z=x%2w.

Finish all five and then check the results.

dz =2(xdx +ydy)

dz = x%(3 sin 2y dx + 2x cos 2y dy)
dz = €7{2dx + (6x — 3)dy}

dz =2(xdx + 2y dy + 3wdw)

dz = x*’y(3yw dx + 2xw dy + xy dw)

Do W N

Now move on
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Exact differential
We have just established that if z = f(x, )

oz oz
dz_adx +?37

We now work in reverse.

Any expression dz = Pdx + Q dy, where P and Q are functions of x and
¥, is an exact differential if it can be integrated to determine z.

dy

. 0z _ oz
S P= > and Q= 3
P 9%z aQ %z 8%z 8%z
Now E—Byc’)x and B x 0y and we know that W—m
Therefore, for dz to be an exact differential % = %‘—3 and this is the test
we apply.
Example 1

dz = (3x% + 4y?) dx + 8xy dy.
If we compare the right-hand side with Pdx + Qdy, then
oP

P=3x*+4y> .. 8
4 By Y
- . 9Q_
Q=8xy '0x_8y
0P 0Q

.;'. dz is an exact differential

dy  ox
Similarly, we can test this one.
Example 2

dz = (1 + 8xy)dx + 5x% dy.
From thiswe find ............

dz is not an exact differential

Because dz = (1 + 8xy) dx + 5x2dy

oP
S P=14+8xy .. —=8x
y ay
e . o0Q
Q=5 c —8x—10x

or_, 9 .. dz is not an exact differential.
gy " ox
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Exercise

Determine whether each of the following is an exact differential.
1 dz=4x}2dx +3x*y2dy

dz = (4x3y 4 2xy3) dx + (x* + 3x2y?) dy

dz = (15p%€* + 2xy?) dx + (10ye3* + x2y) dy

dz = (3x2e¥ — 2y%e™) dx + (213¢¥ — 2ye¥¥) dy

dz = (4y3 cos 4x + 3x% cos 2y) dx + (3y? sin 4x — 2x3sin 2y) dy.

Dok W N

1 Yes 2 Yes 3 No 4 No 5 Yes

We have just tested whether certain expressions are, in fact, exact
differentials — and we said previously that, by definition, an exact
differential can be integrated. But how exactly do we go about it? The
following examples will show.

Integration of exact differentials

oz

ox
. z=dex and also z=dey

dz=Pdx+ Qdy where P= and Q =

oz
4

Example 1
dz = (2xy + 6x) dx + (x% + 2y3) dy.

". z=x2y+ 3x2 +f(y) where f(y) is an arbitrary function of y only,
and is akin to the constant of integration in a normal integral.

Also Q:%:xz+2}/3 Z=J(x2+2y3)dy
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4
z=x%+ y? + F(x) where F(x) is an arbitrary function of x only

So the two results tell us

=22y + 32 +f(y) (1)
and z=x% +y—24+F(x) (2)

For these two expressions to represent the same function, then
4
f(y) in (1) must be y? already in (2)
and F(x) in (2) must be 3x* already in (1)

a z=xzy+3xz+§
Example 2

Integrate dz = (8¢* + 2xy?) dx + (4 cos 4y + 2x%y) dy.

Argue through the working in just the same way, from which we
obtain

z=2¢* + x*y* + sin4y

Here it is. dz = (8¢** + 2xy?) dx + (4 cos 4y + 2x%y) dy

% =8e™* +2x? . z= J(Se‘*" + 2xy%)dx

L z=2e"+ 3% +f(y) 1)
oz

Q=5y_: 4cosdy+2xty . z= J(4cos4y+2x2y) dy

. z=sin4y + x*? + F(x) (2)
For (1) and (2) to agree, f(y) = sin4y and F(x) = 2¢*
L z=2€%+x%? +sindy
They are all done in the same way, so you will have no difficulty with
the short exercise that follows. On you go.

P=

Exercise
Integrate the following exact differentials to obtain the function z.
1 dz=(6x% 4 8xy%) dx + (12x2y2 + 12%) dy
2 dz=(3x®+2xy +y?)dx + (x* + 2xy + 3y?) dy
3 dz=2(y+1)e*dx+ (¥ —2y)dy
4 dz= (3y*cos3x — 3sin3x)dx + (2ysin3x + 4) dy
§ dz = (sinhy + ysinhx)dx + (xcoshy + cosh x) dy.
Finish all five before checking with the next frame.
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z =2x3 +4x%3 + 3y*
2=+ x%y+xy? +y?
z=e*(1+y)-y?

z =y?sin3x + cos 3x + 4y
z = xsinhy + ycoshx.

N NN e

In the last one, of course, we find that the two expressions for z agree
without any further addition of f(y) or F(x).

We shall be meeting exact differentials again later on, but for the moment let
us deal with something different. On then to the next frame

Area enclosed by a closed curve

One of the earliest applications of integration is finding the area of a
plane figure bounded by the x-axis, the curve y = f(x) and ordinates at
X = X1 and x = x;.

g y=109 B

= yar=["rwar

X1 x;

y

o

2
N
>

If points A and B are joined by another curve, y = F(x)

y
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Combining the two figures, we have
y

A=A -4z
X

g Azrzf(x)dx—JzF(x)dx

A X

It is convenient on occasions to arrange the limits so that the
integration follows the path round the enclosed area in a regular
order.

For example

X2,
j F(x) dx gives A, as before, but integrating from B to A along c;

X1

X
with y =f(x), ie. J ' f(x)dx, is the integral for A; with the sign
A2
X1 X3
changed, i.e. J fx)dx=— J f(x)dx
X2 X1

X2 "Xo
.. Theresult A=A; — Ay = J f(x)dx — J F(x) dx becomes
X1

X1

A= J: F(x) dx — Jz F(x) dx

X2 X1
ie. A= —{ j Feodr+ | f(x)dx}

X1 X2
If we proceed round the boundary in an anticlockwise manner, the
enclosed area is kept on the left-hand side and the resulting area is
considered positive. If we proceed round the boundary in a clockwise
manner, the enclosed area remains on the right-hand side and the
resulting area is negative. >
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The final result above can be written in the form
A=— 1;}/ dx
where the symbol 1; indicates that the integral is to be evaluated round

the closed boundary in the positive (i.e. anticlockwise) direction

;A=—§Wu=—ﬂﬂﬂgm+r7um%

X1 X2

(along c1) (along c3)

y=f(x)

A y=FX)

Fp—————"

o)
Let us apply this result to a very simple case.

Example 1

Determine the area enclosed by the graphs of y = x> and y = 4x for
x > 0.
First we need to know the points of intersection. These are

x=0 and x=2

~

(o]

We integrate in an anticlockwise manner
c1: y=x3 limits x=0 to x=2
c: y=4x, limits x=2 to x=0.

A=—§ydx=. ...........
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A = 4 square units

Because

Ry e

RIGEGHE

Another example.

Example 2
Find the area of the triangle with vertices (0, 0), (5, 3) and (2, 6).
;’ | B (2,6) The equation of
OAis ............
BAis ............
OBis ............
3r A (5/ 3)
] 1
0 2 5 x
OAis y=3x
BAis y=8-x
OBis y=3x
y B
6 Then A=— {)ydx
(&) R R
G
3k A A Write down the component integrals
with appropriate limits.
G
L L
¢] 2 5x

A:-fﬁydx=—{J:%xdx+E(8—x)dx+E3xdx}

The limits chosen must progress the integration round the boundary
of the figure in an anticlockwise manner. Finishing off the integration,
we have
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A = 12 square units

The actual integration is easy enough.

The work we have just done leads us on to consider line integrals, so let us
make a fresh start in the next frame

Line integrals

y y B
K
ds L
K
A
- —
(o] X 0 X

If a field exists in the x—y plane, producing a force F on a particle at K,
then F can be resolved into two components

F; along the tangent to the curve AB at K

F, along the normal to the curve AB at K.
The work done in moving the particle through a small distance 6s
from K to L along the curve is then approximately F; és. So the total
work done in moving a particle along the curve from A to B is given by

LimZFt &s = JFtds from A to B
85—0

This is normally written j F; ds where A and B are the end points of
AB

the curve, or as J Fyds where the curve c connecting A and B is

C
defined.
Such an integral thus formed is called a line integral since integration
is carried out along the path of the particular curve c joining A and B.

. I=J Ftds=J F.ds
AB c

where c is the curve y = f(x) between A (x1, y1) and B (x2, ¥2).

There is in fact an alternative form of the integral which is often useful,
so let us also consider that
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Alternative form of a line integral

It is often more convenient to integrate with respect to x or y than to
take arc length as the variable.

If F; has a component
P in the x-direction
Q in the y-direction

then the work done from K to L
X can be stated as Péx + Q dy.

3 JABFtds = JAB(de+Qdy)

where P and Q are functions of x and y.
In general then, the line integral can be expressed as

I= LF‘ ds = L(de +Qdy)

where c is the prescribed curve and F, or P and Q, are functions of
x and y.

Make a note of these results — then we will apply them

to one or two examples

Example 1

Evaluate j (x+3y)dx from A (0,1) to B (2, 5) along the curve
C

y=1+x%

The line integral is of the form

L (Pdx +Qdy)

where, in this case, Q = 0 and c is the
curve y = 1+ x2.

X
It can be converted at once into an ordinary integral by substituting
for y and applying the appropriate limits of x.

2
I=J (de+Qdy)=J (x+3y)dx=j (x+3 +3x%) dx
c c 0

x2 2
= [-—+3x+x3] =16
2 0

Now for another, so move on
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Example 2

Evaluate [ = J (x> +y)dx + (x —y*)dy from A (0, 2) to B (3, 5) along

the curve y = cZ +x.
- L (Pdx+Qdy)

P=x®+y=x4+2+x=x>+x+2
Q=x—pP*=x—(4+4x+x%)
=—-(x2+3x+4)

Alsoy=2+4+x .. dy=dx and the limits ate x =0 to x = 3.

Because

Izr{(x2+x+2)dx—(x2+3x+4)clx}
0
3

E —(2x+2)dx = [xz - Zx]oz ~15

Here is another.

Example 3

Evaluate I = J {(® +2y) dx + 2y dy} from O (0, 0) to B (1, 4) along the
curve y = 4x2.c

In this case, ¢ is the curve y = 4x2.

cody =8xdx

Substitute for y in the integral and
apply the limits.

ThenI=............

|
|
!
|
|
]
1

X

Finish it off: it is quite straightforward.
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Because
I=J{(xz+2y)dx+xydy} y=4x> . dy=8xdx
Also ;2 +2y=x2+8x2 =9x%  xp=4x
s I= J: {9x2dx + 32x* dx} = J: (9x% +32x*)dx =9.4

They are all done in very much the same way.

Move on for Example 4

Example 4

Evaluate [ =J {(** + 2y)dx + xydy} from O (0, 0) to A (1, 0) along
c
line y =0 and then from A (1, 0) to B (1, 4) along the line x = 1.

y (1) OA: c;1 is the line y=0 .. dy=0.
- B Substituting y =0 and dy =0 in the
given integral gives
C2 1 371

B ST 3 R

0 —A IOA_JOX dx_[3}o 3
X
(2) AB: Here c; is the linex =1 dx=0
Ip=............
Ing =8

Because

Ins =j:{(1+2y)(0)+ydy}

4
=j ydy
0

24
2[)’_] _sg
2 0
ThenI=I0A+IAB=%+8=8% I=831-

If we now look back to Examples 3 and 4 just completed, we find that
we have evaluated the same integral between the same two end points,
but............
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along different paths of integration

If we combine the two diagrams, we have

where c is the curve y =4x?> and
c1 + ¢ are the linesy=0and x = 1.

The results obtained were

(o] X IC=9%a.ndIcl+CZ=8%

Notice therefore that integration along two distinct paths joining the
same two end points does not necessarily give the same results.

Let us pause here a moment and list the main properties of line
integrals.

Properties of line integrals

[y

LFds _ L (Pdx+Qdy)

N

JABFds - —JBAFds and JAB{de +Qdy) = —LA{de +Qdy}

i.e. the sign of a line integral is reversed when the direction of the
integration along the path is reversed.
3 (a) For a path of integration parallel to the y-axis, i.e. x =k,

dx =0. Ide:O IC=JQdy.
C c
(b) For a path of integration parallel to the x-axis, i.e. y =Kk,
dy =0. j Qdy=0 IC:J Pdx.
[ c

4 If the path of integration c joining A to B is divided into two parts
AK and KB, then I, = Ipg = Iax + Ixs-

5 In all cases, the function y =f(x) that describes the path of
integration involved must be continuous and single-valued — or
dealt with as in item 6 below.

6 If the function y=f(x)
that describes the path of vy (%2, )
integration c is not single- B
valued for part of its ex- y=5(x)
tent, the path is divided

(x3, ¥3)
into two sections. | 3/ Y3
y =fi(x) from A to K A :
y = f2(x) from K to B. o (x1, 1) [

X

Make a note of this list for future reference and revision
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Example

Evaluate I = J (x+y)dx from A (0, 1) to B (0, — 1) along the semi-
C

circle x2 +y% =1 for x > 0.

Y
A

-

(o} y The first thing we notice is that

the function y = f(x) that describes the
path of integration c is not single-valued

For any value of x, y = +v/1 — x2. Therefore, we divide c into two parts

y

1
(1) y=+1—x% from A to K

(2) y=—v1—x% from K to B.
As usual, I =J (Pdx+ Qdy) and in this
(4

particular case, Q=............

A
N
o K
X
jz
B

-1

Q=0

I=Lde=J:(x+m)dx+E(x—\/l_——x2)dx
=E(x+m—-x+m)dx=2£mdx

Now substitute x = sin ¢ and finish it off.
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NIy

Because
1

I=2J vV1—-x2dx x=sin@ .. dx=cosédd
0

V1 —x2 =cos#

Limits: x=0,0=0; x=1, =~

2
x/

/2 2
.'.I=ZJ coszed0=J (1 + cos 26) 9

0 0
_ [p sin20]"
- 2

0
T

2
Now let us extend this line of development a stage further.

Regions enclosed by closed curves

A region is said to be simply
connected if a path joining A
and B can be deformed to
coincide with any other line
joining A and B without
going outside the region.

Another definition is that a
region is simply connected if
any closed path in the region
can be contracted to a single
point without leaving the
region.

Clearly, this would not be
satisfied in the case where
the region R contains one or
more ‘holes’.

The closed curves involved in problems in this Programme all relate to
simply connected regions, so no difficulties will arise.
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Line integrals round a closed curve

We have already introduced the symbol tho indicate that an integral

is to be evaluated round a closed curve in the positive (anticlockwise)

direction.
14
Positive direction (anticlockwise) line integral
denoted by 1;
(o]
X
y C
Negative direction (clockwise) line integral
denoted by — ii;
o

X

With a closed curve, the y-values on the path ¢ cannot be single-
valued. Therefore, we divide the path into two or more parts and treat
each separately.

y y M y=0X)

- ~
B

I
|
!

I y=f(x)

A

\.

\\

7
e

P
—_—

] o |
Xq X2 X X X2 X

(1) Use y =fi(x) for ALB (2) Use y = f2(x) for BMA.

Unless specially required otherwise, we always proceed round the
closed curveinan............

anticlockwise direction

Example 1
Evaluate the line integral I = * (x* dx — 2xy dy) where c comprises the
C

three sides of the triangle joining O (0, 0), A (1, 0) and B (0, 1).
First draw the diagram and mark in c;, c; and c3, the proposed
directions of integration. Do just that.
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14
1L 8
C3 G
A
fo) . |
Cq 1 X

The three sections of the path of integration must be arranged in an
anticlockwise manner round the figure. Now we deal with each part
separately.

(@) OA: c; istheliney=0 .. dy=0.
Then I= %(xZ dx — 2xy dy) for this part becomes

1 371
X 1 1
I ZJ dex.—_I:——:l = — . I e
=)o 3], 3 173
(b) AB: cpistheliney=1—-x .. dy=-dx
Li=............ (evaluate it)
L=-}%

Because ¢y is the liney=1-x .. dy = —dx.
Izzr{xzdx+2x(1—x)dx}=J0(x2+2x-2xz)dx
1 1
0 370
_ 2y |2 X2 2
_L(zx x)dx_[ 3]1_ s b=

Note that anticlockwise progression is obtained by arranging the
limits in the appropriate order.
Now we have to determine I3 for BO.

(c) BO: c3isthelinex=0
Li=............

Because forcz, x=0 .. dx=0 .. 13=J0dy=0 S Ih=0

Finally, I =L +L+15=1-24+0=-1 sI=-1
Let us work through another example. >
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Example 2
Evaluate * ydx when c is the circle X2 + % = 4.
C N
4 L c x2+y2:4 .'.y=:|:v4—x2
y is thus not single-valued. Therefore
a2 use y = V4 — x2 for ALB between x =2
B ’2 A and x = —2 and y = —v4 — x2 for BMA
2 [¢) 2 X between x = —2 and x = 2.
ﬁ’//

ST = J;z VE—Zdx+ J:{-x/4 X} dx
=4”ﬂ?;mz_4zﬁﬁﬁm
2 -2
= —4 J:\/4——x2dx.

To evaluate this integral, substitute x = 2sin ¢ and finish it off.

Because

x=2sinf . dx=2cosfdf .. v4—x2=2cos0

limits: x=0, §=0; x=2, 0=%
/2 /2
I=—4r Zcos(92cosed0=—16r cos?9de
o 0
sin 26]/2
2

= —4r7

/2
=—8Jw (1+c0529)d6‘=—8[0+
0 0

Now for one more

Example 3

Evaluate I = ff) {xydx+ (1 +y*)dy} where c is the boundary of the
C

rectangle joining A (1, 0), B (3, 0), C (3, 2) and D (1, 2).

First draw the diagram and insert c1, ¢z, €3, C4.

That gives ............
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y
D C3 c
2 b — ——
1+ Cq ‘ ‘ C2
o A 1 C4q B
1 2 3 X

Now evaluate I; for AB; I, for BC; I3 for CD; I4 for DA; and finally I.
Complete the working and then check with the next frame

Il=0; Iz=4%; I3=—8,’ I4=—4%; I=-8

Here is the complete working.
I= 5; (ydx+ (1+y%) dy}
C

(@ AB: ¢c;isy=0 .. dy=0 .. I1=0
(b) BC: cpisx=3 .. dx=0

2 372
" IZ=L (1+y>)dy = [y+z3—]0=4% oo =42
() CD: czisy=2 .. dy=0
1

1
. 13=J 2xdx = [xz] -8 L =—8
3 3

(d) DA: cgisx=1 .. dx=0

310
g I4=j0(1+y2)dy= [y%] =4} " L=-4
2 2

Finally

wiNy

I=h+L+L+1,
=0+4%—8—4%=—8 . I=-8

Remember that, unless we are directed otherwise, we always
proceed round the closed boundary in an anticlockwise manner.

On now to the next piece of work
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Line integral with respect to arc length
We have already established that

I= JABFt ds = jAB{de +Qdy)

where F; denoted the tangential force along the curve c at the sample
point K (x, y).

The same kind of integral can, of course, relate to any function
f(x, y) which is a function of the position of a point on the stated

curve, so that I =J f(x, y)ds.
C

This can readily be converted into an integral in terms of x. (Refer to
Engineering Mathematics (Fifth Edition), Programme 19, Frame 30.)

I— Lf(x' y)ds = Lf(x, y)g;dx where %— 1+ (gﬁ)

© | e e j Fx, ) 1+(dy) dx (1)

Example

Evaluate ] = J (4x + 3xy) ds where c is the straight line joining O (0, 0)
C

to A (1, 2).

y

2 L———— A(1,2)

c is the line y = 2x

a}’
gi 1+() =5

- e —————
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I=4/5

Because
= r (4x + 6x%)(V/5) dx = 25 J: (2x +3x%) dx = 4V5
0

Try another.

The path length of the parabola defined by y = x2 betwen the values
x =0 and x = 2 is given by the integral

Izjds: ............ to 3 dp
C
3-393 to 3 dp
Because
2 d
o e @)
c x=0 dx
2
=J V14 2xdx
x=0

Let u =1 4+ 2x so that du = 2dx and so

5 du
I= J ul’2=—
u=1 2

12 5
2[5,
_1 1/2
=3 (125 —1)
=3-393 to 3 dp

Parametric equations

When x and y are expressed in parametric form, e.g. x = f(t), y = g(t),
then

dx dy

(&) (&) o

a=y (@)@
1= o pas— j Fx, ) (d") (j{) at (2)

and result (1) above becomes
Make a note of results (1) and (2) for future use
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Example

Evaluate I = 4; 4xy ds where c is defined as the curve x = sint, y = cost

between t =0 and ¢ _g
We have x =sint .. %:cost
LYy
y =cost T sint
ds _
CgE T e
ds
(—ﬂ_l
Because
ds dx\? /dy\? PR
P <-—> +(—t> =Vcos?t+sin“t=1
t dx 2 dy 2 /4
L I= L fx,y) dt) +(dt) dt = JZ 4sint costdt
7/4 /4
—Z sin tht——z[cos Zt] = I=1
2 Jo

Dependence of the line integral on the path
of integration

We saw earlier in the Programme that integration along two separate

paths joining the same two end points does not necessarily give
identical results.

With this in mind, let us investigate the following problem.
Example

Evaluate I = 15 {3x%y* dx + 2x3y dy} between O (0, 0) and A (2, 4)
Cc

(a) along c; i.e. y = x2

(b) along ¢z i.e. y =2x

(c) along c3 i.e. x =0 from (0, 0) to (0, 4) and y =4 from (0, 4) to
(2, 4).

Let us concentrate on section (a).
First we draw the figure and insert relevant information.
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Al(2,4)

~<
N

@ 1= [ By ax+ 20y dp)
C
The path ¢y isy=x%2 .. dy =2xdx
2 2
I = J {3x2x* dx + 2x3x%2x dx} = J (3x° + 4x*) dx

0 0

2
= [x7] =128 . ;=128

0

(b) In (b), the path of integration changes to cz, i.e. y = 2x

y
4f———————5 A (24
|
i Ca y='2x So, in this case,
2r } |
= |
l
.t 1
° 1 2 X
I, =128

Because with ¢z, y=2x .. dy=2dx
2 2
S L= J {3x% 4x® dx + 2x3 2x2dx} = J 20x* dx
0 0

2
:4[x5] =128 . L, =128
0

(c) In the third case, the path c; is split
x =0 from (0, 0) to (0, 4)
y =4 from (0, 4) to (2, 4)
Sketch the diagram and determine I5.
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I3 =128
Yy
y=4
4 A(2,4)
C3 1
|
C3 l
2 |
x=0 :
P
° 1 2 X

From (0,0)to (0,4) x=0 .. dx=0 .. I;3=0
2

From (0,4)to (2,4) y=4 .. dy=0 .. = 48J x*dx =128
0

S I3 =128
On to the next frame

In the example we have just worked through, we took three different
paths and in each case, the line integral produced the same result. It
appears, therefore, that in this case, the value of the integral is
independent of the path of integration taken.

y
C3
4 - Al(2,4)
| C3 : How then does this integral perhaps
2k 2 | differ from those of previous cases?
|
[ |
l
o 1 ]
2

1 X Let us investigate

We have been dealing with I = J {3x%y% dx + 2x3y dy}
C

On reflection, we see that the integrand 3x2y% dx + 2x3ydy is of the
form Pdx + Q dy which we have met before and that it is, in fact, an
exact differential of the function z = x3y2, because

0z . 5, 0z

i 3x“y* and -
Provided P, Q and their first partial derivatives are finite and
continuous at all points inside and on any closed curve, this always
happens. If the integrand of the given integral is seen to be an exact
differential, then the value of the line integral is independent of the path
taken and depends only on the coordinates of the two end points

Make a note of this. It is important

2x3y
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y
A
< IfI=j{de+Qdy} and (Pdx + Qdy)
C
is an exact differential, then
Cq I, =,
o X
y A
s If we reverse the direction of ¢z, then
IC] = _ICZ
ie. I, +I,=0
i
(o]

X

Hence, if (Pdx + Qdy) is an exact differential, then the integration taken
round a closed curve is zero.

.. If (Pdx + Qdy) is an exact differential, ¢(Pdx+ Qdy) =0

Example 1
Evaluate I — j (3ydx + (3% +2y)dy} from A (1, 2) to B (3, 5).
C

No path is given, so the integrand is probably an exact differential of
. _ oP , 0Q
some function z = f(x, y). In fact = 3= B

We have already dealt with the integration of exact differentials, so
there is no difficulty. Compare with I = J {Pdx + Qdy}.
C

P=%=3y Z=J3ydx=3xy+f(y) 1)
Q=g—;=3x+2y Z=J(3x+2y)dy:3xy+yZ+F(x) (2)

For (1) and (2) to agree
fO)=........... and F(x)=............
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fy)=y% Fx)=0

Hence z = 3xy + 2

@ 9
o= j (Bydx+ (3x+2y)dy} = j(l 46+
(o ’

G, 9)
= [3xy + yz]
1,2

= (45 +25) — (6 + 4)
=60

Example 2
Bvaluatel — J {02 +ye) dx + (& +) dy} between A (0, 1) and B (1, 2).

As before, compare with I {Pdx+Qdy}.
c
0z

_92_,2 A
P_ax Xe4yet Coz=........
0z
Q==+ =i,
ay y

Continue the working and complete the evaluation.

When you have finished, check the result with the next frame

X3
z=73+ye +f()

yZ
z=ye"+?+F(x)

2 3
For these expressions to agree, fy) = %; F(x) = %
3 ¥ 12
Then I = [—+ye" +—]
3 2101
= % +2e

So the main points are that, if (Pdx + Qdy) is an exact differential

@ I= J (Pdx + Qdy) is independent of the path of integration
C

b)I= J (Pdx + Qdy) is zero when c is a closed curve.
C

On to the next frame
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Exact differentials in three independent variables

A line integral in space naturally involves three independent variables,
but the method is very much like that for two independent variables.
dw = Pdx + Qdy + Rdz is an exact differential of w =f(x, y, 2)
¢ P_0Q OP_OR OR_0Q
dy ox' 0z ox' 9y oz
If the test is successful, then

@@ J (Pdx + Qdy + Rdz) is independent of the path of integration
C

) * (Pdx + Qdy + Rdz) is zero when c is a closed curve.
C
Example
Verify that dw = (3x%yz + 6x)dx + (x3z — 8y)dy + (x3y + 1)dz is an exact
differential and hence evaluate J dw from A (1, 2, 4) to B (2, 1, 3).
C

First check that dw is an exact differential by finding the partial
derivatives above, when P = 3x%yz + 6x; Q = x3z — 8y; and R=x3y + 1.

We have ............
P _3py 92 30, . P _0Q
ay_?,xz, Bx_3XZ Ty T
O 42, OR_,o . OP_OR
a2~ XV %=XV 5 T
R_ 3 9Q_3 . OR_0Q
ay ' 0z 9y oz
.. dw is an exact differential
oz 0z ow
Now to find w. P_5§' Q_gy-, R_g
. ow 2 . 2
. 79;=3xyz+6x S w=J(3xyz+6x)dx
=x3yz+3x2 +f(y,2)
ow_ 5 N
ay—xz 8y Sow=|(x°z—8y)dy
=x3zy — 4y® + F(x,2)
%=x3y+1 Low=|(¥y+1)dz

=x3yz+z+g(xy)

For these three expressions for z to agree
f.2)=............ ; Fx,z)=............ ; 8x )=l
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f(y,2) = —4% F(x,2)=2z g(x y)=3x2

L w=xyz+38% -4y +z
@1,3)

S I= [x3yz+ 3x% — 4y + z}
12,9

............

I=36
Because
(2,1,3)
I=|x3yz + 3x% — 4y? +z]
(1,2,4)

=(24+12-4+3)—(8+3-16+4) =36

The extension to line integrals in space is thus quite straightforward.
Finally, we have a theorem that can be very helpful on occasions
and which links up with the work we have been doing.

It is important, so let us start a new section

Green's theorem

Let P and Q be two functions of x and y
y that are, along with their first
partial derivatives, finite and contin-
uous inside and on the boundary c of

a region R in the x-y plane. ¢

o X

If the first partial derivatives are continuous within the region and on
the boundary, then Green’s theorem states that

oP 6Q) fl;
———]dxdy=-¢ (Pdx+Qd
JR J (‘9}’ ox i’ c ( V)
That is, a double integral over the plane region R can be transformed
into a line integral over the boundary c of the region — and the action
is reversible.
Let us see how it works.
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Example 1

Evaluate ] = fi; {(2x — y) dx + (2y + x) dy} around the boundary c of the
c
ellipse x2 + 9y? = 16.

The integral is of the form I = F[) {Pdx + Qdy} where
C

oP
P=2x— oo =-1
"
_ . 9Q_
and Q=2y+x .. ax_l'

]2

- —L J(—l ~ 1)dxdy

o ot

But J J dxdy over any closed region gives
R

the area of the figure

In this case, then, I = 2A where A is the area of the ellipse

2 2
P92 =16 ie T4 _q

16 " 16
a:4;b:%
A=71'ab=1—g7r
ST :ZA:%E

To demonstrate the advantage of Green’s theorem, let us work

through the next example (a) by the method of line integrals, and (b)
by applying Green’s theorem.
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Example 2
Evaluate I = fi; {(2x+y)dx + (3x — 2y)dy} taken in anticlockwise
[

manner round the triangle with vertices at O (0, 0), A (1, 0) and

B (1, 2).
y
2 [— ——————— B
YR I=§{@x+y)dx+ (3x-29)dy)
A
° Cq 1 X

(@) By the method of line integrals

There are clearly three stages with ¢;, ¢z, c3. Work through the
complete evaluation to determine the value of I. It will be good
revision.

When you have finished, check the result with the solution in the next frame

I=2

(@ Q) cisy=0 ..dy=0
1 1
11=J 2xdx = [xz] =1 " L=1
0 0

2) cgisx=1 .. dx=0

2 2
Iz:J (3—2y)dy=[3y—y2] =2 . L=2
0 0
B)cgisy=2x .. dy=2dx

= J(l){4xdx + (3x — 4x)2dx}

0
=r2xdx= [xz] =-1 S h=-1
1 1

I=h+L+B=1+2+(-1)=2 .. I=2

Now we will do the same problem by applying Green’s theorem, so move on
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(b) By Green’s theorem

I:%{(zx+y)dx+(3x—zy)dy}

P=2x+y .. %=1; Q=3x-2y .. ?9—3:3

LR

Finishitoff. I=............

Because
I= —J J(l —3)dxdy
R

=zJ dedy:ZA
R

= 2 x the area of the triangle
=2x1=2 .. I=2
Application of Green’s theorem is not always the quickest method.

It is useful, however, to have both methods available. If you have not
already done so, make a note of Green's theorem.

N

Example 3
Evaluate the line integral I = % {xy dx + (2x — y) dy} round the region
C

bounded by the curves y =x*> and x =y? by the use of Green’s

theorem.
y
1\— —= A1, 1)
.-R |
r= ! Points of intersection are O (0, 0) and
y=x2 A (1, 1). P and Q are known, so there is
: no difficulty.
l
°© 1

Complete the working.
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31
=%
Here is the working.
I=ff{xyd>c+(2x—y)dy}
P 0Q
Pdx+Qd =—J J(——-—)dxd
§Pax+ay | [(5-5) @
- 2 0—o2x—y - 9Q_
P=xy .5y——x, Q=2x-y .. ax_z
4
________ Al 1) I——J J(X—Z)dxdy
R
Y= ! 1 =3
| :_IJ (x —2) dy dx
1 0 Jy=x2
i
— 2 1 Vi
i y—XE =_J (x_Z)[y:| 2dx
o X ] x

[

1=—J (x— 2)(VE - 22) dx

=

—_ J (B2 — 3 — 24117 4 2% dx
0

_2sp 1a 435 250 31
= [5" ¥ 73¥7 3| 6o

Before we finally leave this section of the work, there is one more
result to note.

In the special case when P =y and Q = —x
oP oQ
3 1 and Bx
Green'’s theorem then states
| [a-cvyaray - eax+aa)
C
ie. zj dedy=—§) (ydx — xdy)
R c
—§ (xay - yax)
C
Therefore, the area of the closed region

A= lexdy:%i (xdy — ydx)

Note this result in your record book. Then let us see an example

=-1
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Example 1

Determine the area of the figure enclosed by y = 3x? and y = 6x.
y A2, 12) Points of intersection:

12[ __________ 3*=6x .. x=0o0r2

| AreaA=l<f> xdy —ydx
y=6x y=3x% 2'c( y=7r )

G

i
|
|
|
1
2 X

We evaluate the integral in two parts, i.e. OA along ¢;
and AO along c;
2A =J (xdy — ydx) +J (xdy—ydx)=L +1
c; (along OA) cz (along AO)
Ii: crisy=3x* .. dy=6xdx
2 2 2
L= J (6x%dx — 3x*dx) = J 3x2dx =[x3] =8
0 0 0
=8

Similatly, L=............

Because

cpisy=6x .. dy=6dx
0

Iz=J (6xdx—6xdx)=0 .. I,=0
2

S I=L1+L=8+0=8 .. A=4 square units

Finally, here is one for you to do entirely on your own.

Example 2

Determine the area bounded by the curves y = 2x3, y = x3 + 1 and the
axis x =0 for x > 0.

Complete the working and see if you agree with the working in the next frame
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Here it is.

y=2x% y=x+1, x=0
Point of intersection

283 =x3+1 .. x¥=1 . x=1

Area A =%fl; (xdy —ydx)

X ZAzi(xdy—ydx)

(@ OA: crisy=2x3 .. dy=6xdx

1
" 11=J (xdy—ydx):] (6x3 dx — 2x® dx)
C1 0

1 1
=J4x3dx=[x4] =1 o h=1
0 0

®) AB: cpisy=x3+1 .. dy=3x*dx
0
R ) =r{3x3dx—(x3+1)dx}:J (2x3 —1)dx
1 1

x* ? 1 1 1
zl:?—x]l=—(z—1)=z L. IZZZ

(c) BO: c3isx=0 .. dx=0

y=0
I3:J (xdy — ydx) =0 =0
-1
2A=1=L+L+L=1+}+0=1}
A =3 square units

And that brings this Programme to an end. We have covered some
important topics, so check down the Revision summary and the
Can You? checklist that follow and revise any part of the text if
necessary, before working through the Test exercise. The Further
problems provide an opportunity for additional practice.
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% Revision summary 14
1 Differentials dy and dx
CY

y / y=£(x)

(e By
Ky dy
/ dx=0dx
o X
dy =f'(x)dx
0z oz
®) Hz=f(xy),  dz=g dx+ody

0z 0z oz
If z=f(x,y,w), dz—adx+za;dy+a—wdw.

(¢) dz=Pdx+ Qdy, where P and Q are functions of x and y, is an
, . .. 0P 0Q
exact differential if - ox
2 Line integrals — definition

I=| fixy)ds= | Pax+agy)

3 Properties of line integrals
(a) Sign of line integral is reversed when the direction of
integration along the path is reversed.

(b) Path of integration parallel to y-axis, dx=0 .. I.= J Qady.
c

Path of integration parallel to x-axis, dy =0 .. I. = J Pdx.
C

(c) The y-values on the path of integration must be continuous
and single-valued.

4 Line of integral round a closed curve §
Positive djrection#) anticlockwise

Negative directionq;) clockwise, i.e.(ﬁ =- ‘{J}
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5 Line integral related to arc length

= LBFds _ JAB(PdH Qdy)

[ (@)

With parametric equations, x and y in terms of {,

= [ ron pyas— j re ) (& )+(§¥) at

Dependence of line integral on path of integration

In general, the value of the line integral depends on the particular
path of integration.

Exact differential

If Pdx+ Qdy is an exact differential where P, Q and their first
derivatives are finite and continuous inside the simply connected
region R
@ oP _9Q
8y ox
b) I= J (Pdx+Qdy) isindependent of the path of integration
¢ where c lies entirely within R

(© I= fi; (Pdx+Qdy) is zero when c is a closed curve lying
¢ entirely within R.

Exact differentials in three variables

If Pdx + Qdy + Rdz is an exact differential where P, Q, R and their
first partial derivatives are finite and continuous inside a simply
connected region containing path c

()BP 0Q oP_O0R OR_0Q
dy ox’ 0z ox’ 8y oz

(b) J (Pdx + Qdy + Rdz) is independent of the path of
C
integration

© fi; (Pdx+ Qdy + Rdz) is zero when c is a closed curve.
C

Green’s theorem

i(PdX+ Qdy) = —Lj{g—f—g—g} dxdy

and, for a simple closed curve
ff (xdy — ydx) :zJ dedy:ZA
c R

where A is the area of the enclosed figure.
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¥4 Can You?

Checklist 14

Check this list before and after you try the end of Programme test.

On a scale of 1 to 5 how confident are you that Frames
you can:

e Evaluate double and triple integrals and apply them to
the determination of the areas of plane figures and the
volumes of solids?

Yes U [] ] ] ] No

e Understand the role of the differential of a function of
two or more real variables?

Yes (] ] L] L] ] No

e Determine exact differentials in two real variables and
their integrals?

Yes [ 0O L[] 0O [0 No

o Evaluate the area enclosed by a closed curve by contour
integration?
Yes O o O (1 [ No

e Evaluate line integrals and appreciate their properties?

Yese [J 0O 0O 0O 0O No

e Evaluate line integrals around closed curves within a
simply connected region?

Yes ] ] ] [] L] No

e Link line integrals to integrals along the x-axis?

Yes ] ] ] U ] No

e Link line integrals to integrals along a contour given in
parametric form?

Yes ] ] ] [] ] No

e Discuss the dependence of a line integral between two
points on the path of integration?

Yes O U L] L] L] No

e Determine exact differentials in three real variables and
their integrals?

Y [0 OO 0O OO 0 No

e Demonstrate the validity and use of Green’s theorem?

Yes ] ] ] [] ] No
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Test exercise 14

1 Determine the differential dz of each of the following.
(@) z=x%*cos 3y; (b) z=e¥sin4x; (0) z=xZywd.
2 Determine which of the following are exact differentials and integrate
where appropriate to determine z.
(@) dz = (3x%y* +8x) dx + (4x3y® — 15)%)dy
(b) dz = (2xcos 4y — 6sin 3x)dx — 4(x*sin 4y — 2y) dy
(©) dz =31 —y)dx + (** +3y*) dy.
3 Calculate the area of the triangle with vertices at O (0, 0), A (4, 2) and
B (1, 5).
4 Evaluate the following.
(@) I= J{(x*>—3y)dx+xy*dy} from A (1, 2) to B (2, 8) along the curve
y =2x2.
() I=[(2x+y)dx from A (0, 1) to B (0, —1) along the semicircle
2 +y2=1forx>0.
(©) I=¢{(1+=xy)dx+ (1+x*)dy} where c is the boundary of the
rectangle joining A (1, 0), B (4, 0), C (4, 3) and D (1, 3).
(d) I=[.2xyds where c is defined by the parametric equations

x =4cos0, y =4sin 6§ between 6§ =0 and G:g-.

(e) I=J.{(8xy+y®)dx+ (4x* + 3xy?)dy} from A(1, 3) to B2, 1).
® I=4¢{(Bx+y)dx+ (y—2x)dy} round the boundary of the ellipse
*% + 4y% = 36.

5 Apply Green’s theorem to determine the area of the plane figure
bounded by the curves y = x3 and y = /X.

6 Verify that dw = (2xyz + 2z — y?)dx + (x*z — 2yx)dy + (x®y + 2x)dz is
an exact differential and find the value of

J dw where
Cc

(a) c is the straight line joining (0, 0, 0) to (1, 1, 1)

(b) cis the curve of intersection of the unit sphere centred on the origin
and the plane x+y+z=1.
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Further problems 14

10

Show that I= [ {xy?w?dx +x2yw?dy +x2y>wdw} is independent of
the path of integration c and evaluate the integral from A (1, 3, 2) to
B (2, 4, 1).

Determine whether dz = 3x2(x% +y2)dx + 2y(x3 + y*)dy is an exact
differential. If so, determine z and hence evaluate [ dz from A (1, 2)
toB (2, 1).
xdy — ydx
¥ +y2+4
of the segment formed by the arc of the circle x? + y?> = 4 and the chord
y=2—-xforx>0.
Show that

I=[{(3x*siny+ 2sin2x + y3) dx + (x3 cosy + 3xy?) dy}
is independent of the path of integration and evaluate it from A (0, 0) to
B (7.,7)

G

Evaluate the integral I = | xyds where c is defined by the parametric

Evaluate the line integral I =§ { } where c is the boundary
C

equations x = cos®t, y =sin®t from t=0to t = g

Verify that dz = % - xzy i}’ 72 for x2 > y? is an exact differential and

evaluate z = f(x, y) from A (3, 1) to B (5, 3).

The parametric equations of a circle, centre (1, 0) and radius 1, can be
expressed as x = 2cos?6, y = 2cosfsin 6.

Evaluate I = [ {(x +y) dx+x2dy} along the semicircle for which y > 0
from O (0, 0) to A (2, 0).

Evaluate §_{x3y?dx +x2ydy} where c is the boundary of the region
enclosed by the curve y =1 —x2, x = 0 and y = 0 in the first quadrant.

Use Green'’s theorem to evaluate
I=J>{(4x+y)dx+(3x—2y)dy}
C
where c is the boundary of the trapezium with vertices A (0, 1), B (5, 1),
C(3,3)and D (1, 3).
Evaluate I = [ {(3x2y2 + 2 cos 2x — 2xy) dx + (2x3y + 8y — x2) dy}
(@) along the curve y = x> — x from A (0, 0) to B (2, 2)

(b) round the boundary of the quadrilateral joining the points (1, 0),
(3, 1), (2, 3) and (0, 3)

615
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11 Verify that dw = }—z/dx + ;dy - z—}zldz is an exact differential and find the

value of

de
(o4

where c is the straight line joining (0, 0, 1) to (1, 2, 3) for either region
z>00rz<0.




